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ABSTRACT: A statistical mechanical theory of the a-helix-to-random coil transition in doubly cross-linked,
two-chain, coiled coils has been developed in the context of two models for which expressions are given for
the partition function, overall helix content, and helix probability profiles. The more restrictive, “all-or-none”
(AN) model a priori asserts that the net effect of loop entropy is so prohibitive that either the molecule contains
a pair of interacting helices that propagates at a minimum between the two cross-linked pairs of a-helical
turns (blocks) or there are no interacting helices present. If we identify the interacting helical conformation
as the native state and the conformations lacking any interacting a-helices as the denatured state, the AN
model bears a strong resemblance to the two-state model of globular protein folding. We also develop the
more general, doubly cross-linked, interior eyelet model that allows, in addition to those conformational states
permitted in the AN model, constrained random coil loops plus interacting a-helices between cross-linked
blocks. Application is made to doubly cross-linked, homopolymeric, coiled coils, and a comparison with the
helix—coil transition in singly cross-linked, coiled coils is presented. Furthermore, over a wide set of conditions
the range of validity of the AN model is assessed. On the basis of the robustness of the AN model, we conclude
that doubly cross-linked, coiled coils possess many of the qualitative features of the equilibrium globular protein
folding process. In particular, they demonstrate the role of both “short- and long-range” interactions in
determining the stability of the native state and graphically point out the crucial role played by topological
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constraints in determining the character of the native — denatured transition.

I. Introduction

Due to the structural complexity of globular proteins,
it is very difficult to determine the relative importance of
the various kinds of interactions that ultimately produce
the equilibrium native conformation. A globular protein
may possess regions of a-helices, 8-sheets, loops, and bends
juxtaposed in a complicated three-dimensional arrange-
ment; as a consequence, the development of even the
equilibrium theory of their native — denatured transition
or vice versa is a difficult task, beyond existing capabilities.
What are clearly required, then, are simpler model systems,
amenable to both experimental and theoretical examina-
tion, that possess a sufficient number of representative
features of globular proteins that their study is relevant
and timely. For some time now, along with Holtzer and
Hodges et al., we have argued that a-helical, two-chain,
coiled coils are just such a class of molecules.! From a
structural point of view they are quite simple,*! consisting
of two parallel, a-helical chains wound around each other
with a slight supertwist. Furthermore, a salient member
of the two-chain, coiled coils is the muscle regulatory
protein tropomyosin, whose primary sequence possesses
a quasi-repeating heptet, designated by the letters a—g.!1"1¢
Positions a and d tend to be occupied by hydrophobic
residues, and position e (g) tends to be occupied by anionic
(cationic) residues. When wound up into a coiled coil, the
hydrophobic streaks of the two chains are in contact, and
the possibility of salt bridge formation also exists, thereby
allowing one to assess the relative importance of hydro-
phobic vs. electrostatic interactions. Moreover, as has been
pointed out by Hodges and co-workers, tropomyosin is but
one of a substantial number of proteins of biclogical im-
portance that possess a coiled coil structure and/or a
quasi-repeating heptet in portions of their primary se-
quence.? Thus, we have embarked on the development of
a physical/statistical mechanical theory of the helix—coil
transition in coiled coils; in the present paper, we extend
the theory to doubly cross-linked molecules.

In a series of papers,!5° the theory of the helix—coil
transition in non-cross-linked and singly cross-linked,
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two-chain, coiled coils has been developed in the spirit of
single-chain, helix-coil theory.?® That is, the helix—coil
transition is fundamentally viewed to be of a continuous
rather than an all-or-none nature. In such a system,
“short-range” interactions characterizing the intrinsic
stability of the helical as compared to the random coil state
of a residue in an isolated single chain are accounted for
by the Zimm-Bragg helix initiation parameter, o, and
propagation parameter s.** Consideration of the “long-
range” interactions between the two helices gives rise to
an interchain helix initiation parameter u, and a helix-
helix propagation parameter w.? Physically u, is equal to
the effective volume in configuration space accessible to
an a-helical turn (block) in the interacting configuration
when the a-helical turn in the neighboring chain is held
fixed, and ~k£T In w is the free energy of a pair of posi-
tionally fixed and interacting o-helical turns relative to the
same pair of positionally fixed, but noninteracting a-helical
turns. If the coiled coil is non-cross-linked, then in addition
to the Zimm-Bragg parameters, u, and w enter directly
into the calculation of the mean overall helix content. If,
however, the coiled coil is singly cross-linked, then the
relevant interchain parameters are w and r,,'® with the
latter equal to the ratio of the effective volume accessible
to one of the two interacting, helical cross-linked blocks
when the other is held fixed relative to that in all nonin-
teracting states and includes the difference in configura-
tional entropy of the cross-link itself between the two kinds
of conformations.

The theory of non-cross-linked two-chain, coiled coils
includes both the effects of loop entropy and the possibility
of mismatched association of the two chains in the
loops-excluded, imperfect matching model, LEIM.'7 Ap-
plication of the LEIM model to rabbit a-tropomyosin has
been quite successful.22 A single algorithm for w(7T) ex-
tracted from circular dichroism measurements gives a
reasonably good fit to the experimentally determined helix
content vs. temperature curves at near-neutral and acidic
pH. Thus the LEIM model passes the test of self-con-
sistency. Moreover, with the same w(7T), the calculated
weight fraction of single chains vs. temperature is in accord
with light scattering data? and also gives a fraction of
chains that are essentially in-register at low temperature
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and near-neutral pH that is consistent with the experi-
mentally observed high fraction of chainsg that can be
cross-linked under these conditions.?* The latter two
comparisons are significant in that they provide extrinsic
tests of the validity of the theoretical approach.

More recently, buoyed by the success of the theory as
applied to non-cross-linked coiled coils (dimers), we ex-
tended the theory to singly cross-linked coiled coils, ini-
tially a priori assumed to be in-register'® and later extended
to include mismatched states.'® The important qualitative
conclusions that emerged from these studies are the fol-
lowing. For singly cross-linked, coiled coils of short-to-
moderate length, because of the effect of loop entropy,?*%
constrained random coil loops originating at the cross-link
and terminating on an interacting pair of helices have
negligible statistical weight. Furthermore, since the
presence of out-of-register, interacting helical states in a
cross-linked molecule by necessity requires constrained
random coil loops, mismatched configurations are unim-
portant throughout the entire course of the helix—coil
transition. Thus, in a cross-linked dimer in an interacting
configuration, there is just a single interacting helical
stretch that must include the cross-linked pair of blocks;
these states are in equilibrium with the noninteracting
conformation of the two chains. This is to be contrasted
with the case of a non-cross-linked dimer, where the single
interacting helical stretch can occur anywhere and where
mismatched configurations of the chains can be important.

If, as discussed above, one cross-link modifies the
character of the helix—coil transition in two-chain, coiled
coils, it is important to inquire about the effect of a second
cross-link. In addition, since there exists a genetic variant
of tropomyosin, rabbit 8-tropomyosin, that possesses
cross-linkable cysteines at residues 36 and 190,%%% con-
sideration of the doubly cross-linked, coiled coil is of
practical interest as well. As pointed out long ago by
Poland and Scheraga,®® loop entropy can change the
character of the helix—coil transition in short, closed ran-
dom coil loops that may contain noninteracting helices by
destabilizing the random coil states. Perhaps, however,
a far more telling example of the influence of loop entropy
on conformational stability is the elegant study by Lin,
Konishi, Denton, and Scheraga on the thermal stability
of RNase A.3! They introduced an extrinsic cross-link
between Lys-7 and Lys-41 and found that the cross-linked
protein exhibits a reversible thermal denaturation profile
whose midpoint is 25 °C higher than that in the non-
cross-linked protein. They interpret this result as implying
that the cross-link probably destabilizes the denatured
conformation by reducing the chain entropy. Clearly, then,
an analysis of the model system of doubly cross-linked,
two-chain, coiled coils should be of interest.

Because of the effect of loop entropy, the presence of
a second cross-link in a two-chain, coiled coil should de-
stabilize random coil states relative to the fully helical state
between cross-links and thus should profoundly affect the
character of the helix~coil transition. Among the questions
we investigate in this paper are the following: What
qualitative differences does the theory predict between the
helix-coil transition in doubly and singly cross-linked and
non-cross-linked coiled coils? In doubly cross-linked
chains, what is the effect of variation in cross-link location,
chain length, and helix initiation parameter on the char-
acter of the helix—coil transition? Finally, under what
conditions, if any, is the all-or-none model, in which the
molecule either is fully helical and interacting between
cross-linked blocks or lacks any pairs of interacting helices,
valid? When the all-or-none model holds, the helix—coil
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transition behaves in a certain sense, amplified below, like
the two-state model of globular proteins.?323% In the
following sections, in the context of the AN model and the
more general, doubly cross-linked interior eyelet model
(DCIEM), which includes loops containing constrained
random coils and «-helices, we hope to address the above
questions.

Due to the topological constrains introduced by a second
cross-link, we cannot a priori neglect interior random coil
states occurring between cross-links. Indeed, at very low
helix content, where the probability of having an inter-
acting helical stretch is small, such constrained random
coil states will dominate the population. The DCIEM
explictly accounts for such constrained random coil states
as well as constrained random coil and interacting helical
states described below in greater detail. Thus, the DCIEM
is a generalization for doubly cross-linked dimers of the
“interior eyelet” model developed in previous papers to
treat singly cross-linked chains.!®1?

To incorporate the quasi-repeating heptet structure of
the primary sequence!!"!* into the theory, each chain is
divided into blocks, the ith block of which contains m;,
residues.® For a further discussion of this coarse graining
procedure, we refer to previous work.? Finally, to account
for the geometric constraints due to fixed bond lengths,
bond angles, and rotational potentials present in a real
protein, we assume that residues in the cross-linked block
pair and participating in the constrained random loop are
completely randomly coiled.

The outline of the rest of this paper is as follows. Section
II develops the formalism required to treat the helix—coil
transition in doubly cross-linked, coiled coils; here the
emphasis is on a qualitative understanding of the features
of the model. Technical details, as much as possible, are
relegated to Supplementary Material, Appendices A-D.
Expressions are presented for the partition function,
overall helix content, and helix probability profiles. Then
in section III, we present illustrative calculations on hy-
pothetical, homopolymeric, doubly cross-linked, two-chain,
coiled coils; comparison is made with singly cross-linked
dimers. Finally, section IV summarizes the conclusions
of this paper and suggests several avenues of future work.

II. Theory

A. General Considerations. In what follows, the
theory of the helix—coil transition of a doubly cross-linked,
heteropolymeric, two-chain, coiled coil, in the perfect
matching limit, is developed. We assume for convenience
that both chains are identical; extension to nonidentical
chains is straightforward. Each chain is assumed to con-
tain Ny residues divided into Ny blocks in which block i
contains m,; residues. Block 1 contains the N-terminal
residue, and block Ny contains the C-terminal residue. For
descriptive purposes, the N terminus (C terminus) shall
be referred to as the left (right) part of the molecule. The
two chains contain cross-linked residues in block N¢; (Neo),
in which there are my; — 1 (my, — 1) residues preceding the
cross-link and m,; — 1 (m,, — 1) residues after the cross-link
in block N¢; (Ng,). Finally, let [ be the ratio of the length
of the cross-link to the virtual bond length (=3.80 A)* of
an amino acid residue; in calculations presented in section
IIT [, is set equal to 2.

In the following subsections, we divide the calculation
into parts depending on the conformational state of the
cross-linked blocks and whether there are interacting
helical stretches present in the subpopulation of interest.
In each subsection, expressions are given for the partition
function, helix content, and helix probability profiles ap-
propriate to the subpopulation of interest. We shall begin
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Figure 1. Schematic representation of the allowed conformations
in H=H type states.

in section IIB with the simplest case, that is, where all four
cross-linked blocks are helical and part of the fully helical
interacting stretch that propagates between cross-links;
such states are designated H=H (see Figure 1). These are
the only interacting helical states that would be important
if constrained loops containing both interacting helices and
interior random coils between cross-linked blocks are
prohibited. We then consider in section IIC states desig-
nated schematically as CHC, in which there is at least one
interacting pair of helical blocks per molecule and in which
one or more of the cross-linked blocks are randomly coiled
(see Figure 2). Section IID examines the subpopulation
of states labeled HCH, in which both pairs of cross-linked
blocks are fully helical and interacting and contain con-
strained random coil loops between the cross-linked blocks
(see Figure 3). Section IIE treats the subpopulation of
doubly cross-linked molecules lacking any interacting
helical states, designated X~X states, with X representing
any conformation (either coil or helix) of the cross-linked
pair of blocks (see Figure 4). Sections IIB through IIE
allow us to examine the relative contribution of the sub-
populations described above to the total partition function,
overall helix content, and helix probability profiles, ex-
pressions for which are presented in section IIF.

B. H=H Type States. In the following, we consider
H=H type states, that is, states where the interacting
helical stretch propagates between the two cross-linked
blocks; a schematic representative is shown in Figure 1,
where we denote the helical state of a cross-linked block
by H. The interacting helical stretch may propagate be-
yond a cross-linked block, as occurs in Figure 1 for both
chains to the right of block N¢,, or may be helical and
noninteracting, as is present in the lower chain to the left
of block pair N¢;. Finally, random coil states of the type
indicated in the figure are also allowed.

In the subsequent development, we will need the sta-
tistical weights of the conformational states not associated
with constrained random coil loops. Let H(C) be a com-
pletely helical (random coil) block, and [H]C ([C]H) be
an interfacial helix—coil (coil-helix) block. The statistical
weights appropriate to block i in an isolated single chain
are

conformation statistical weight
[C]C 1
my my
CJH 7= 2 o ll
[ ] i j=10J)z=jsk
mi -1
[HIH SM; = .Hls,- (1-1)
j=
mi-1
[HIC =1+ T g
j=1 k=1

The internal partition function of H=H type states
follows from
Ngi-1 Ng
Zyy = 3% 1] Upp U, 11 Uppd (I1-2)
i=1 i=Ngp+l

Helix—Coil Transition in Two-Chain, Coiled Coils 1155

with J* a row vector of dimension twelve composed of one
followed by eleven zeroes, J a column vector of four zeros
followed by eight ones, and Uy, a partitioned 12 X 12
matrix of the form, if i < N¢;

Unhni= | 0, Ugn O, (1I-3)

wherein Uy, Ucy, and Uyy are the standard 4 X 4 nonin-
teracting, initiating, and propagating statistical weight
matrices defined previously in eq II-3-II-5 of ref 16. In
what follows, O, is a null n X n matrix. Physically, eq 11-3
ensures that the single interacting helical stretch does not
terminate until at least block pair Ne,.

Setting i = N(;, we have

6, Ucuua O,

UnhNg, =] 0. Ugpn O, (11-4a)
0, 0, 0,
Ci
in which
Nco -
r 0 11 2
T NClwl_Nc1+ISMI w
0, : Nc2
| 0 TN SMygw T SMitw
U _ '—-—-J l:ATCl+1
CHH,Ngp = | N (II-4b)
Cc2
‘I 0 TNCISMNCILU I SM,’w
02 | 1=NCI+1
0 0
N
L A C1

wherein, since for this subpopulation by hypothesis there
are no constrained interior random coils to the right of the
cross-link, we have to modify 7; of eq I1I-1 by

mly myy
TNe, = _Zo.f H'Sk (II-4C)
j=1 "k=j
and
1 ¢] 1o
(11-4d)

Unnn, Ny = & Ng2 .
01 0 n SMiw
i=Nc1

Nei

Uyph ne,» defined above in eq II-4a, generates the com-
pletely interacting helical stretch propagating from at least
block pair N¢; to block pair Ng,.

Finally, if i > N¢g

0. O, 0.
Unni=| 0. Uun Usnc (11-5)
2, 0, Ug

i

where Uy is the 4 X 4 terminating matrix of the inter-

acting helix stretch and is given by eq II-6 of ref 16.
Overall Helix Content. The overall helix content for

the H=H subpopulation is calculated by employing

Ngi-1 Ng
fon = J* Hl ApnAnnNe, 1¥I+1 Apnds/(NpZy)  (11-6a)
= 1=Ncy

with J* a row vector consisting of unity followed by
twenty-three zeroes and J a column vector composed of
sixteen zeroes followed by eight ones. Ay, ; is a partitioned
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24 X 24 matrix of the form

Unhi Ui
App,i =
0, Uhh,i

(II-6b)

with Uy,; defined in eq II-3-1I-5 for i < N¢;, i = Ny, and
i > Ng,, respectively.
Ifl <NC1 Orifi >NC2

m; 6Uhh,i

k=16 In Sip

U, = (IL-7)

wherein s;;, is the helix propagation parameter of the kth
residue in block i, and we use the notation of Flory®
evaluating the matrix derivative.

Since Uy, v, defined in eq II-4a contains the statistical
weight of the fully helical sequence between cross-links,
we have to count all such states in Uy, .. Namely

N m 8Uhh'NCl

U,hh,Ncl = (II'S)

i=Ng k=1 dln Sik

Helix Probability Profiles. The mean helix content
of the jth block, f,,(7), where j < N, is readily obtained
from

Ng
fan) = J*HUhth hhj, H Upn,. ﬁ Uhth/(mZhh)

e (I1-9)

and J* and J are defined immediately following eq II-2.
Analogously, if j > Ngg

J1 Ng
fon() = J*HUth Anﬂ UpnU'tny. I;[ Upnid / (m;Zy)

=Ny
11-10)
In both eq II-9 and II-10, Uy, is defined in eq I1-3-1I-5,
and Uy, ; is defined in eq II-7.
Finally, if N(n 5] =< NCZ
. Ngp-1 N,
fhh(]) = J* ]jl Uhh,iU,hh.Ncl,j, ﬁ+1Uhh,iJ/(ijhh)
= 1=Neg
(I1-11a)
where we have
m; aUhh,Nm

UnnNerd = (11-11b)

k=10 1In s,

This completes the development of the formal expressions
for the partition function, overall helix content, and the
helix probability profiles of H=H type states.

C. CHC Type States. The subpopulation of CHC type
states contains at least one randomly coiled, cross-linked
block and at least one (and perhaps up to three) pair of
interacting helices. Typical kinds of conformational states
generated by the serial matrix product expression devel-
oped below for blocks i < N¢q, Noy i < Ngy, and i > Ng,
are shown in Figure 2, parts A-C, respectively. Those
states in Figure 2A lacking an interacting pair of helices
are followed by states in Figure 2, parts B or C, that have
such an interacting helical stretch. Similar considerations
hold for Figure 2, parts B and C.

On the basis of results from singly cross-linked chains,
we would expect those states in Figure 2 part A (1a and
2a) and part C (12a and 13a) that have a constrained
random coil loop not between the pair of cross-links to have
negligible weight relative to the configurations having
unconstrained random coil loops. However, for com-

Macromolecules, Vol. 19, No. 4, 1986

A l.

b
¢ NI
C ~ee——C

13,

a \ b ¢
A i
e i TN

14,

Figure 2. (A) Representative CHC conformations to the left of
cross-linked block N¢;. (B) Representative CHC conformations
between cross-linked blocks N¢; and N¢,. (C) Representative CHC
conformations to the right of cross-linked block N,.

pleteness they are included.
We have neglected CHC states having two noninter-
acting helices in constrained random coil loops; these are



Macromolecules, Vol. 19, No. 4, 1986

the “crossed out” conformations 4¢, 6¢, and 7¢c. Even for
o on the order of 1072, such constrained loops containing
two noninteracting helices are of negligible statistical
weight relative to the case where one helical stretch is
transformed to the completely randomly coiled state, as
in the second set of conformations depicted in 6b and 7b.
Partition Function. The internal partition function
for CHC type states is given by
Ng
Zep = J* ,IIIUCHC,iJ = Zyn (I1-12)
where J* and J are row and column vectors defined im-
mediately below eq II-2 and Ugy is a partitioned 12 X 12
matrix of the form given below. The Zy; term removes
states containing the fully helical, interacting helical stretch
between cross-linked blocks. These states are members
of the H=H subpopulation.

Ifi <N
Uas Uen O,
Ucnc,i= | 04 Uun Ul (11-13a)
9, O, E,

wherein Uy, Ucy, and Uyy are defined in eq I1-3-11-5 of
ref 16, E, is the 4 X 4 identity matrix, and

(II-13b)
0 1 0 0
&; (SM&), | (SM$), O
| i
where &2 and (SM§), are defined in Appendix A, eq A-1
and A-2. For i < Ng;, Ucyc, is identical with the statistical
weight matrix, U,,, to the left of a cross-link in a singly
cross-linked, in-register chain in the “interior eyelet” model,
defined in eq II-22a of ref 18.
Setting i = N¢;, we have

E.: UCH 04
Uchenve; = | Ve Umn  Ubc (I1-14a)
E, 0, 0,
Nci
with 7; in Ugy; of eq II-4 of ref 16 replaced by
my My,
TN & ZO’j Sy (II-l4b)
jo1 k=
and
| 7
0, } 0,
__________ T
Ubtnc,Ney =| 0 0 | 0 0
$H ey (SM§eng, | (SMs Fng, O
c1 c1y S .
(11-14¢)

Here §%y, and (SM$)*y,, are given in eq A-3 and A-4 for
k =1 and 2, respectively, and sum over all noninteracting
helical configurations as depicted in Figure 2B, structures
4a,b and 5a,b.

If No; <i < N

E4 UICH 04
Ucnc,i= |0, Unn Ulyc (1I-15a)

. 0, E,

=

i

in which
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0 0 TZLiw
0 SMyg (rSM)w
Ulogy 1= |—de— :
CH,i | (I11-15b)
0 } 0 SMNCI(TSM)L,’w
2

0 0

i
7%, and (rSM);; are defined explicitly in eq A-5 and A-6,
and

UIHC’,- = 0 0 ‘ 0 0

s (SMSy | (SMsy 0

(I1-15¢)

&2; and (SMS); are given in eq A-7 and A-8.
Representative conformations generated by the matrix
product of eq II-15a are depicted schematically in Figure
2B in the non-crossed-out structures of 6-11.
If we set i = Ny, then

0, Uley O, 'l
Uche,ngy = | UaoNgy  Unn Ubnc s
E, 0, E,
Nez

(11-16a)

wherein the statistical weight matrices Uyc v, and E, in
the lower left-hand corner of the first four columns of Ugyc
allow for closed interior random coil loops preceding and
following block N¢o. Unc n,, is of the identical form as in
eq II-15¢, but §7 v, and (SM$);y,, are defined in eq A-9
and A-10, respectively, and account for the contribution
of states in which at least one of the two members of block
pair Ng, is randomly coiled and where both members of
block pair N¢y — 1 are helical.

Furthermore, Ulcy v, is of the same form as eq II-15b
but where we replace 7;, in 7%; and (rSM)y; of eq A-5 and
A-6 by 7y, wherein

mly, Ng

TN@ = Jélaj]gjsk (II"16b)
Finally, if i > N,
E, Ucy 0,
Ucnc,i={ 0, Uun  Unc (II-17a)
0, o0, Uy
i
with
0 | O 7w
2 I 0 (rSM),w
Ulow, = ———{ ———————— (II-17b)
o, 10 (SMyuw
lo o

where 72, and (rSM), are defined in eq A-11 and A-12.
Uy, of eq II-17a is the standard terminating matrix of
an interacting helical stretch and is explicitly given in eq
II-6 of ref 16.

Equation II-17a is identical with the statistical weight
matrix U,, in the “interior eyelet” model of singly cross-
linked chains for blocks following the cross-link; see eq
II-25 of ref 18. This completes the construction of the
partition function for CHC type states.

Overall Helix Content. The overall helix content for
the CHC type states is calculated via
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N

fore = W Aunedd, ~ FnZupNal/ NnZa)  (118)
=

Wherein Z,, is given in eq II-12 and A, is a partitioned

24 X 24 supermatrix of the form

Ucnc,: Ucucy

Ache,i= (11-19)
0, Ucnc,

Ugpg, is defined in eq II-13a, II-14a, 1I-15a, I1-164a, or II-17a
for i < Ncly i= NCl’ NCl <i< ch, i = ch, ori> NC2,
respectively. The second class of terms removes the con-
tribution of H=H states generated by the A, ; matrix
product. When { < Ng¢;, we have

Nem1 ™ aUCHC,,-

j=i k=1a ln Sjk

U'cne, = (I11-20)

i.e., we have to count the contribution to the helix content
of the 2a sequences shown in Figure 2A that have a helical
stretch propagating from block ¢ to block Ng;.

If N¢; <1 £ Ng,, the statistical weight matrices count
helical states to the left of, equal to, and to the right of
block i, so that we require the total contribution of all such
helical states. Thus

Ngp  my BUCHC,Z-

U’ ;= 11-21
cHei = & T 5 ( )
Finally, if i > N,
i m; aU i
Ulgnes = HE (11-22)

jaNg+1 k=10 In s

Namely, we must count the contribution of helical se-
quences such as are shown in Figure 2c, type 13a that start
at block N, and propagate to block i. This completes the
development of the formal expressions for the overall helix
content of CHC type states.

Helix Probability Profiles. The helix content of the
jth block can be obtained via a supermatrix expression of
the form

Ng
fenel) = {Js*iEIlAchc,ijJs = fran M Zod /M Z e

in which Z, is given in eq II-12 and A, ;; is a 24 X 24
supermatrix

(11-23)

Ucuc,i U'cncyj
Achc,ij =

0, Ucnc,

(I1-24a)

where UCHC,i fori < NClv = NCI’ NCl <i< NCQ! = NCZ,
and i > N, is defined in eq II-13a, 1I-14a, II-15a, II-16a,
or II-17a, respectively. fun()) and Zy, are given in eq II-
9-1I-11b and I1-2, respectively, and remove the H=H states
generated by the matrix product of the A, ;. Finally
7 0Ucne,

Uene,s Z3In s, (11-24b)

D. HCH Type States. In HCH type states, the resi-
dues in block pairs N¢; and N, are fully helical and in-
teracting, and there is at least one randomly coiled block
contained between the two cross-links. To the left of the
cross-linked block N¢; and to the right of cross-linked
block Ngs, the range of allowed conformations accessible
to HCH type states is identical with H=H states; thus,
there is at least one (and possibly up to three) interacting
helical stretches per molecule. However, unlike H=H
states, there are a wide range of constrained interior ran-
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Figure 3. Schematic representation of the allowed conformations
in HCH type states.

dom coil states between cross-links; the kinds of states we
have included are schematically depicted in Figure 3.
Since these states involve at least one random coil block
between helical cross-links, at lower values of the helix
content, we would expect them to be less important than
CHC type states. Similarly, at higher values of the helix
content, the H=H states should dominate. As shown below
in section III, this is indeed the case.

Partition Function. The internal partition function
for HCH type states can be obtained from

Ne-1 Ng
Zygy = 3% 1] Uy Urenvg, 11 Uppd  (11-25)
i=1 i=Ngz+1
where Uy, is defined in eq II-3 for i < N, and eq II-5 for
i > N¢y. Furthermore, if i = N¢;
04 UC 04

Uhch,N01 =10, Uy 0,
04 04 04

(11-26a)

Nci

and sums over the constrained states between cross-links
depicted in Figure 3. In eq II-26a

0 TZNCILU(P

|
0. | 0 T SM
| NcyPM N o
Uc,ngy = —"“;r ——————————— (I1-26h)
02 | 0 TNCISMNCIZU(]’)
| 0
Nei
with 7y, given in eq II-4c and
1 0 0 0
Un = & (11-26¢)
0o 1 0 SMiyo wo

Nca
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¢ is the total statistical weight associated with the
constrained states in blocks N¢; < i < Ng,. In terms of
the states depicted in Figure 3

¢ =S+ ¢3+ o, + ¢ (11-26d)

&, is defined in eq B-1 of Supplementary Materials and
sums over ¢; and ¢, type states. Explicit expressions for
o3, ¢4, and ¢ may be found in eq B-5, B-6, and B-7. This
completes the presentation of the partition function for
HCH type states.
Overall Helix Content. The overall helix content for
HCH type states follows from
Ng-1 Ng
fron = 0% 11 AppAvnne, 11 Apidd/NoZyg (11-27)
i=1 i=Ngy+1
where Z,, is found in eq II-25, Ay, ; is a 24 X 24 super-
matrix given in eq II-6b if i < Ng; or i > Ngo. If i = Ny,
we have

Uhch.N(;1 U’hch,NCl
Anch.Ngy = (11-28a)
0, Uhch,Ngy
Nea
wherein Uy, v, is defined in eq I1-26a and
Nes m; aUhcth
’ — R ———
UlbenNg, = f=%m Z oI, (11-28b)

Helix Probability Profiles. The helix content of the
jth block in the subpopulation of HCH type states, fi ()
may be calculated as follows.

If j < Ngy

fhch(j) =
i1 Ng-1 Np
I*[ 1 Uy, U 1] Up Unennve, 11 Upnid /miZpey
i=1 i=j+1 i=Ngy+1
(11-29)

wherein Uy, ; is given in eq II-3 and II-5 for i < N¢; and
1> N, respectively. U’y ; is found in eq I1-7, and Uy, v,
is defined in eq II-26a.
If Noy £ 2 Ngg
N1 Ng
fren() = J* iU1 Uhh,iU’hch,NCI,ji_};[HUhh,iJ /MiZnen

C2
(I1-30a)

where in addition to the Uy, given in eq II-3 and II-5 for
i £ Ng; and i > N, we have

m; 8Uhch,Nm
UlbehNeyi = k=1m (I1-30b)
with Upep v, found in eq II-26a.
Finally, if j > Ne,
fhch(j) =
Ne-1 -1 N,
J* I U Upenng, [T UpniUlpny I_f Upnid /miZpc,
i=1 i=Ngy+1 i=j+1
(I1-31)

for which U'y,; for j > N, is given in eq II-7 and the
relevant equations for the other statistical weight matrices
are given above. This completes the formalism for HCH
type states.

E. X=X Type States. In X~X type states, we consider
the subpopulation of molecules without any interacting
pairs of helices. Thus, while there may be helices occurring
anywhere in the molecule, they are always in a noninter-
acting configuration; i.e., the side-by-side, essentially
parallel arrangement of any two helices in adjacent chains
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Figure 4. (A) Schematic representation of the allowed confor-
mations in X~X type states. (B) Schematic representation of
additional allowed states that contribute to H(1)H(2)H(1)H(2)
states in the X~X subpopulation.

is excluded. Hence, prior to block N¢; and subsequent to
block N¢,, the statistical weight matrix of the ith pair of
blocks is simply that of the noninteracting states, namely
Uy, defined in eq II-3 of ref 16. The statistical weight of
block N¢, is modified to reflect the fact that residues to
the right of and including the cross-linked block in a [C]H
state are entirely helical. Similarly, in an [H]C state, all
the residues to the right of and including the cross-link are
randomly coiled. There are 16 distinct conformations of
the 4 cross-linked blocks in which y(1) (v(2)) represents
the conformation, either C or H, of the cross-linked block
N¢, in chain one (two) and €(1) (¢(2)) represents the con-
formation of the cross-linked block N, in chain one (two).
Between the two cross-links, there are a myriad of random
coil and helical states; the ones we have included (and
which, apart from the exceptions discussed below, make
the dominant contribution to the partition function) are
depicted schematically in Figure 4A for all configurations
v(1)v(2) €(1)e(2). In addition to those states shown in
Figure 4A, the fully helical conformation of all four
cross-linked blocks also includes the noninteracting states
shown in Figure 4B (such states must be included for
consistency with the HCH conformations) and CCCC,
CHCC, and CCCH type conformations also include the
possibility of helical stretches in both chains; it is only in
these states that multiple helical stretches between
cross-linked blocks are important.

Partition Function. The internal partition function
associated with X~X type states can be expressed as
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Zy =
row (1, 0, 0, O)ﬁ‘Ud,UX X H Uy col (1,1, 1, 1)
ot (I1-32)

In the above equation, Uy, is given by eq II-3 of ref 16.
Furthermore, if i = N¢;, 7 in Uy, is replaced by 7,
defined previously in eq II-4c, and &; in Uy y,, is replace
by
mi-1 d;
Sng, = I1
Nei dlz=:1 k=13k
TN (8, state that if block N, is of the [CTH ([H]C)
type, all the residues to the right of and including the
cross-linked residue are helical (randomly coiled). This
reflects the role of local topological constraints in enforcing
helical and random coil conformations.
Ux.x is the 4 X 4 statistical weight matrix associated
with the conformations of block pairs No; + 1 to Ng,
inclusive and is of the form

(II-33)

Pecee Pecch Peche Pcchh
- Pchee P ¢hch ®chhe Pchhh
Pheee Pheeh q)hchc Phchh
®hhcc Phnech Phhhe Phhhh

Ux~x (11-34)

wherein ., )1« I8 the statistical weight of block pairs
N¢; + 1 to Ng, associated with conformation y(1)y(2)-
e(1)e(2) of the two cross-linked pairs of blocks. Explicit
formulas for these terms are provided in Appendix C
(Supplementary Materials). In the formulation of Ux.x
care must be taken not to include interacting orientations
associated with CHC type conformations in the matrix
elements d)cchh’ ¢hhcc’ ¢chhh’ d’hchh, ¢hhch9 and d)hhhc and with
HCH type conformations in ¢y, states. All such details
are attended to in Appendix C and need not concern us
here.

Overall Helix Content. The overall helix content of
the X=X subpopulatlon f«x» may be obtained from
f {J*SHAd lAX~X H Ad lJS}/NTZxx (11'35)
Here J*; is a row vector consisting of unity followed by
7 zeroes, Jg is a column vector composed of 4 zeroes fol-
lowed by 4 ones, and A, is an 8 X 8 supermatrix of the
form

Ug; Uy,
Aqi = (11-36)

0, Ug,
wherein U’y is defined in eq II-11c of ref 16 for all i =
N¢i. If i = Ngy, we replace 7; and &, by 7y, and &y,

defined in eq II-4c and II-33, respectively, and 7’y , an
§; by

ml,  my,
TNet = ;01 If spm-j+1) (I1-37a)
and
ml~-1
ney = 2 L] Hs;e (11-37b)
Moreover
UX%X U,sz
Axax = (11-38a)
0. Uxax

in which Uy.x has been defined in eq 1I-34 and
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Neo ™ gUx.x

7 —
Ukex = a1
j=Ng+1 k=10 1INl Sjp

(11-38Db)

Helix Probability Profiles. The mean helix content
of the jth block, f,,(j) is obtained from

fax() = 10w (1, 0, 0, 0) X
1 Ng
_I_IlUd,iU/d,j ri UdzUX~X H Udz
i= =j+

i=Ngo+1
col (1, 1,1, 1) /m;Z,, (11-39)
if i € N¢y, with U’y ; defined in eq II-11c of ref 16. Similarly
if Nog 2 2 Ni; + 1, we have

fu(G) = row (1, 0, 0, O)HUdlUX X _ H Uy, X
col (1,1, 1, iz)/mjzxx (I1-40a)
with
7 0Ux~x
p=10 In Sk

U'gxx; = (11-40b)

with Ux._x given in eq I1-34.
Finally if j = Ngy + 1

i
fxx(]) = Iow (1 0 0 O)HUd,UX ~X H+1 UdzU d)f

l—ch

1 Uy, ol (1,1, 1, 1) /mZy (I1-41)
j=j+1

Again, U’y ; may be found in eq II-11c of ref 16. This
completes the discussion of X~X type states.

F. Overall Average Quantities. In sections II-B-II-E,
we have derived expressions for the partition function,
overall helix content, and helix probability profiles ap-
propriate to the H=H, CHC, HCH, and X=X subpopu-
lations. This decomposition of the total conformational
space accessible to a doubly cross-linked molecule allows
us to assess the relative importance of a given subpopu-
lation to the overall partition function of the molecule. In
this section, we assembly these expressions to provide the
total internal partition function, helix content, and helix
probability profiles, Zyx, foxr, and fox1.(Jj), respectively.
(The subscript 2XL stands for doubly cross-linked.)
Furthermore, we calculate the expressions relevant to the
“all-or-none” model of the helix—coil transition in doubly
cross-linked two-chain, coiled coils; that is, either the
molecule is fully helical and interacting between cross-links
(i.e., in an H=H state) or lacks any interacting pairs of
helices whatsoever (i.e., in an X~X state). The H=H type
states are analogous to the “native” state of a globular
protein and the X=X type states are analogous to the
“denatured” form of a globular protein. The internal
partition function, helix content, and helix probability
profiles in the all-or-none model are Z,y, fan, and fan(),
respectively, where the subscript AN stands for all-or-none
in the context discussed above. A schematic representation
of the allowed states in the all-or-none model is found in
Figure 5.

Unlike the situation when we considered the internal
partition function and helix content appropriate to the
various subpopulations, when we assembly the subpopu-
lations we have to account for the reduction in configu-
rational entropy attendant to the formation of interacting
helical and cross-linked blocks. We adopt the following
conventions.

1. If both cross-linked blocks are in the subpopulation
of molecules lacking any interacting helical state whatso-
ever, (X~X type states, see Figure 4), assign a statistical
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Figure 5. Schematic representation of the allowed states in the

all-or-none model of the helix—coil transition in doubly cross-
linked, coiled coils.

weight of unity for each cross-link. Thus the statistical
weight associated with the cross-link itself, in the states
described below, is normalized relative to the case having
the greatest conformational degrees of freedom. While the
statistical weight of the cross-link itself presumably may
depend on the conformational states of the polypeptide
backbone to which it is attached, we neglect this in the
interest of keeping the number of adjustable (and un-
known) parameters to an absolute minimum. However,
the criterion of ring closure employed in Appendices C and
D (Supplementary Material) assumes the random coils are
next to an interacting pair of helices and possess the correct
relative orientation that allows the interhelical interaction
to occur. Thus, we must multiply the statistical weights
of X~X states calculated in section II-E by 8,7, where 8,
is the ratio of the solid angle sustained by the interacting
configurations of the two a-helices to 4.

2. The statistical weight of a molecule in CHC type
states (see Figure 2B, structures 6-9) is assigned a sta-
tistical weight dcyc. An estimate of 8oy may be provided
by calculating the relative probability, with respect to the
noninteracting case, of having configurations of the
cross-link whose ends lie within a given volume consistent
with both a distance and orientation constraint on the
cross-linked a-helical blocks that allows the interhelical
interaction to occur. A reasonable estimate of dcuc may
be made by employing the rotational isomeric calculation
of Maroun and Mattice®® on the allowed side-chain con-
figurations of a cystinyl cross-link in a coiled coil and which
leads to a value around 0.1. This is about the order of
magnitude one might expect. We have also included in
the CHC type states those states in which both cross-linked
block pairs are in noninteracting states but in which there
is at least one interacting helical stretch in the molecule
(see Figure 2B, structures 4, 5, and 10). While the con-
figurational entropy of the cross-link is clearly not as re-
duced as it would be if one of the cross-linked blocks were
in an interacting helical state, we would expect some re-
duction in the phase space accessible to the real molecule
relative to X=X type states due to the presence of the
interacting helical stretch(es). This factor is unknown.
However, these double eyelet states contribute at most a
few percent to the Z, partition function. This, we feel
it is a reasonable approximation to uniformly penalize all
CHC states relative to X~X states by the factor dcyc.

3. If both cross-linked block pairs are in interacting
helical states, we assign a statistical weight 8yy; thus H=H
and HCH types states experience the same entropic pen-
alty. Representatives of these states are shown in Figure
1 and Figure 3, respectively. If the available configurations
of a given cross-link were independent of that of the other
cross-link, then dyy = dodcuc?. Physically we would expect
the number of configurations available to a real cross-link
to be in fact less if both cross-linked block pairs are in
interacting helical states than if just one were in an in-
teracting helical state; i.e. Sy < 6adcuc?®. Unless otherwise
indicated, we will ignore this subtlety in the calculations
that follow; however, to retain this option, we employ the
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symbol dyy in the assessment of the entropic penalty ex-
perienced by H=H and HCH states.

With the above in mind, the total internal partition
function of the doubly cross-linked molecule

Ziot = Zox1./da (11-42a)

where
Zox1, = Zyx + SabcucZene T 000uu(Zin + Zyen)  (11-42b)

wherein Z,, Z ., Zy, and Zy, are defined in eq I1-32, II-12,
I1-25, and II-2, respectively.

Similarly, in the approximate “all-or-none” model, the
internal partition function is

Zin = Zyx + Sobunli (I1-43)

Now, the overall helix content of a double cross-linked
molecule

foxL =

{faZyx + foncdabcucZene + 0a0un(funZun + focnZnen)}/ ZaxL
(11-44)

wherein [y, foher fhchy and fyp, are given in eq 11-35, 11-18,
I1-27, and 1I-6a, respectively.
The helix content in the “all-or-none” model is

fan = fxxZsx + Sofunfrnin}/ Zan (I1-45)

Finally, the helix content of the jth block of the doubly
cross-linked molecule is

f2XL(j) = {fxx(j)zxx + fChC’U)BﬂacHCZCh(‘: +
0abuu(fin(DZun + faen(D)Zhen)}/ Zox1, (11-46)

where fx(7), fene()s facn(), and fuy(j) may be found in
subsections I1I-E, I1I-C, II-D, and II-B, respectively, entitled
“Helix Probability Profiles”.

Finally, the helix content of the jth block in the “all-
or-none” model is given by

fan() = fxx(DZex + 6ofunfan(DZinl/ Zan  (11-47)

With the completion of section II-F, the formal develop-
ment of the theory of the helix—coil transition of doubly
cross-linked, two-chain, coiled coils is finished. In section
IT1, we shall present the application of the theory to doubly
cross-linked, homopolymeric, two-chain, coiled coils.

III. Application to Homopolypeptides

The first and most important point we address is the
validity of the all-or-none model of the helix—coil transition
in doubly cross-linked, coiled coils. In all cases presented
below, we haveset m =4, m;; = mp = 3, my; = my = 2,
lc = 2, s = 094, 5960HC = 01, 6HH = 695CHC2 and for the
singly cross-linked, coiled coils r, = dgdcyc. We begin in
Figure 6 by examining the homopolymeric analogue of
rabbit S-tropomyosin, and set Ny = 71, N¢; = 9, N, = 48,
and ¢ =5 X 1074 In curve A, we have plotted the helix
content obtained via the all-or-none model, /5y, employing
eq I1-45, vs. w. Throughout the entire range or w, the helix
content calculated in the all-or-none and the more general,
doubly cross-linked interior eyelet model are completly
indistinguishable on the scale of the graph and agree to
0.4% or better. For example, when w = 1.75 and where
the disagreement between the two models is greatest, fip
= 0.7981, f 4 = 0.7091, f,p = 0.7834, and fan/foxt, = 1.0036.
Even in those states that possess an interacting helical
stretch plus constrained random coils between cross-links,
loop entropy acts to keep the contained random coil loop
quite small. Thus, from the comparison of the overall helix
content, we conclude that the all-or-none model, in which
either the molecule is fully helical and interacting between
the pair of cross-linked blocks or lacks any interacting
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Figure 6. Plot of the overall helix content of a doubly (singly)
cross-linked, homopolymeric, two-chain, coiled coil calculated in
the all-or-none model, f4n, (loops-excluded model, /°,.) employing
eq I1-45 (eq I1-8a ff of ref 18) vs. w in curve A (curves C and D)
with N¢, = 9 and N¢, = 48. Curve B is the fraction of doubly
cross-linked molecules that satisfy the all-or-none criterion,
Zan/Zoxr, V8. W, Zoxy, and Z,y are defined in eq II-42b and I1-43,
respectively. In all cases, Ng = 71 and o = 5 X 10™%. See text
for additional parameters.

pairs of helices, is an excellent description of the physics
for this set of conditions.

A more stringent test is to calculate the relative popu-
lation of molecules that satisfy the all-or-none requirement,
Zan/Zyxy. If this ratio lies close to unity throughout the
entire course of the helix—coil transition, then we can
conclude that the all-or-none approximation is really very
good. In curve B of Figure 6, we plot Z,n/Zsx1, vs. w with
Zan and Zyxy given in eq [1-43 and 11-42b, respectively.
The ratio has a minimum very close to w = 1.75, where
ZAN/Z2XL = (.9557.

We next turn to an examination of the relative im-
portance of the subpopulations that contribute to Zyy;.
As expected for the choice of ¢ and s employed here, in
the limit that w = 1, the X~X subpopulation dominates,
and Z,, >» Zg. > Zyen > Zun- This ordering is easily ra-
tionalized. The statistical weight of the fully helical stretch
between cross-linked blocks at Ng; = 9 and N, = 48 is
very small, and thus HH states contribute the least. HCH
states can have breaks in the side-by-pair of interacting
helices and thus contain a large number of noninteracting
helical and constrained random coil loops between cross-
links; hence for this value of o, Zy, > Z,,. However, we
point out that in limit of very small o, the likelihood of
states containing two or more helical stretches becomes
nil and then Z,; > Z, . Similarly, CHC states can have
constrained interior random coil loops and interacting
helices but lack the constraint that both pairs of cross-
linked blocks must be helical; therefore Z,. > Z,,.

In the limit of high overall helix content, the X~X
subpopulation becomes unimportant. Since the fully
helical molecule is part of the H=H subpopulation, as the
helix content increases to unity the all-or-none model must
become correct. As w increases, the HCH subpopulation
eventually becomes more important than the CHC sub-
population. The latter states satisfy the requirement that
there be at least one randomly coil block located at a
cross-link, whereas the former states satisfy the weaker
condition that there be at least one randomly coiled block
in the molecule somewhere between helical cross-links. If
the cross-links are spaced sufficiently far apart, the com-
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Figure 7. Plot of the overall helix content of a doubly (singly)
cross-linked, homopolymeric, two-chain, coiled coil calculated in
the all-or-none model, 4y, (loops-excluded model, /%) employing
eq I1-45 (eq II-8a ff of ref 18) vs. w in curve A {(curves C and D)
with N¢; = 9 and Ng, = 48. Curve B is the fraction of doubly
cross-linked molecules that satisfy the all-or-none criterion,
Zan/Zox1, V8. W. Zoxy, and Z,y are defined in eq I1-42b and 11-43,
respectively. In all cases, Ng = 71 and ¢ = 10, See text for
additional parameters.

binatorial factor inherent in the HCH subpopulation will
eventually dominate and Z,, > Z,. Of course, the sub-
population lacking any breaks in the interacting pairs of
helices whatsoever has an even larger statistical weight,
and thus, we arrive at the ordering Z;, > Zo, > Z, in the
limit of high overall helix content.

On the basis of the preceding two paragraphs, it is clear
that the all-or-none model must always hold at the two
extremes of low and high helix content. Whether it holds
throughout the entire course of the helix—coil transition
depends on the relative weights of CHC and HCH states
vis & vis H=H and X=X states. Intuitively we would
expect that by keeping everything the same, decreasing
(increasing) ¢ (thereby making interior random coil loop
formation in the CHC and HCH states more {less) diffi-
cult) should enhance (decrease) the validity of the all-or-
none model. These expectations are realized in curves A
and B of Figure 7 and 8, where we plot the overall helix
content and the ratio Z,n/Zyxy, vs. w respectively for o =
10% and ¢ = 1072 1In all cases, No; = 9 and Ng, = 48,

Throughout the entire range of w, when ¢ = 1079, the
all-or-none model is a very good representation of the
physics. Z,n/Zoxy, always exceeds 0.986, and, throughout
the entire course of the helix—coil transition displayed in
Figure 7, fan and foxy, differ by at most 0.7%. Thus we
display fan vs. w in Figure 7, with fsx calculated via eq
I1-45. Turning to the case where ¢ = 1072 in Figure 8, we
plot foxy, vs. w in curve A calculated via eq I1I-44. The plot
of Zan/Zyx1, vs. w, shown in curve B of Figure 8, has a
minimum near w = 2.0, where it assumes the value 0.8398.
We find as expected that the all-or-none approximation
is not as robust as compared to the case when ¢ = 5 X 10~
or 1075 but it is still a fairly good representation of the
physical situation. Thus, by this most rigorous criterion,
at most about 16% of the molecules have constrained
interior random coil loops plus interacting «-helices be-
tween cross-links. The ratio of 4y to fox, has a minimum
in the vicinity of w = 1.80, where fsn/foxr = 0.9595, foxr
= (.3859, and the helix content of the H=H, CHC, and
HCH subpopulations are f,, = 0.7453, fu. = 0.6799 and
fhen = 0.7283. Furthermore, setting w = 2.0, fan/fox, =
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Figure 8. Plot of the overall helix content of a doubly (singly)
cross-linked, homopolymeric, two-chain, coiled coil calculated in
the doubly cross-linked interior eyelet model, fox1, (loops-excluded
model, /) employing eq II-44 (eq II-8a ff of ref 18) vs. w in curve
A (curves C and D) with N¢; = 9 and N¢, = 48. Curve B is the
fraction of doubly cross-linked molecules that satisfy the all-or-
none criterion, Zyn/Zox1, vs. W. Zox1, and Z,y are defined in eq
I1-42b and 11-43, respectively. Curve E presents the plot of f};,
the helix content in the H=H subpopulation calculated via eq
II-6a ff, vs. w. In all cases Ny = 71 and ¢ = 1072 See text for
additional parameters.

1.0038, foxy, = 0.7534, fun, = 0.7586, f.u. = 0.7041, and f.,
= (.7431. In other words, since loop entropy tends to keep
the constrained random coil loops rather small, the mea-
surement of the overall helix content itself is a very in-
sensitive measure of the adequacy of the all-or-none ap-
proximation. The broad plateau region in the vicinity of
75% helix content reflects the difficulty in propagating
helices substantially beyond the cross-linked blocks. This
is verified in curve E where we plot fi;, vs. w. The f, curve
coalesces with the f,x; vs. w plot, curve A, near 77% helix.
Finally, we observe that the qualitative behavior of the fox;.
vs. w curves as a function of o and shown in Figures 6-8
is identical with that seen in singly cross-linked and non-
cross-linked coiled coils and, having been addressed else-
where, will not be discussed further.16-18

We have also plotted in curves C and D of Figures 6-8
the overall helix content, f°,, obtained via eq II-8a ff of ref
18, of singly cross-linked homopolymeric, two-chain, coiled
coils vs. w, cross-linked at N = 9 and 48, respectively, at
the specified value of . Comparison of curve A (the
doubly cross-linked molecule) with curves C and D (singly
cross-linked molecules) reveals one particularly striking
difference that holds independent of . The homo-
polymeric, doubly cross-linked, coiled coil is more stable
than the analogous singly cross-linked, coiled coil with the
two curves coalescing in the limit of high helix content.
This is a general consequence of the destabilization of the
noninteracting X~X states relative to the interacting states
due to the presence of constrained random coil loops. As
mentioned in the introduction, similar behavior has been
seen elsewhere in a real globular protein by Lin, Konishi,
Denton, and Scheraga.?! The slopes of the helix content
vs. w curves in singly and doubly cross-linked molecules
are quite similar. Whether or not the slope in the doubly
cross-linked molecule is greater or less than that in a singly
cross-linked molecule depends on the particular value of
¢ and the range of parameters employed (see below, in
particular for the effect of variation of cross-link location).

Another important question that must be addressed is
the helix content of the X=X conformations relative to the
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helix content of a non-cross-linked (or equivalently at the
present level of approximation, singly cross-linked) mol-
ecule lacking any interacting helices. First of all, it must
be recognized that we have focused on X~X conformations
that essentially contain at most a single helical stretch per
chain between cross-links (see the introduction to section
II-E). Thus, especially in the limit of very low helix con-
tent, the relevant reference state is a non-cross-linked
molecule treated in the one helical sequence per chain
approximation with helix content 7,229 (We point out that
in the doubly cross-linked molecule, multiple helical se-
quences are permitted beyond the cross-links.) On the
basis of a detailed analysis of the statistical weights of
constrained loops containing helices and random coils, we
find that if the mean length of the helical stretch in the
absence of cross-links is somewhat less than the root mean
square end to end vector of the unconstrained Gaussian
chain formed by snipping the closed random coil loop in
the doubly cross-linked molecule, then f,, will exceed f..
If this is not true, then f,, < f,. Moreover, for homo-
polymers, the ordering of f,, vis & vis £, is independent of
¢ (due to the one helical sequence approximation between
cross-links) but is dependent on the size of the random coil
loop between cross-links, the helix propagation parameter,
and the presence or absence of unconstrained ends.
Whether or not f,, exceeds fi,, depends on the importance
of multiple helical stretches relative to the enhanced sta-
bility of short, constrained helices in closed loops. We
might expect fi, to exceed f, in the limit of large o.

The qualitative picture developed above is confirmed
by the relative ordering of f,,, fim, and f, for the cases
considered in Figures 6-8. When ¢ = 107%, f,, = 2.146 X
107, whereas f, = 5.816 X 10°, Note however that f,, =
2.299 X 10, On increasing ¢ = 5 X 107, f,, = 0.2041 and
f, = 1.925 X 1072, Here the agumented stability of helices
in the loop is now sufficiently great that f,, even exceeds
fom = 8.546 X 1072, Finally, if ¢ = 1072, f,, = 0.2989, whereas
f, = 5174 X 1072, However, now the presence of multiple
helical stretches in the noninteracting, singly cross-linked
conformation now becomes important and f,,,, exceeds f,,
with fi, = 0.3364. As the foregoing discussion indicates,
where f},, exceeds or lies below f,, is the result of a com-
plicated interplay of various factors; there is no single
ordering applicable to all conditions.

To examine the effect of variation of cross-link location
on the helix—coil transition, we plot in Figure 9 fox, cal-
culated via eq II-44 vs. w for ¢ = 5 X 107, Ny = 71, N,
=9, 45, and 47, and N, = 48 in curves A-C, respectively,
as well as the singly cross-linked, coiled coil having N =
48 in curve D. As might be expected, decreasing the
spacing between cross-links has made the all-or-none model
better. When N¢, = 45, the ratio Z,n/Zox, has a minimum
near w = 1.5 with a value Z,n/Zyx;, = 0.9800. Moreover,
when N¢; = 47, the minimum Z,y/Z,x;, occurs near w =
1.6 with a value Zn/Zsx1, = 0.9946. Observe that in the
limit of high helix content, all the singly and doubly
cross-linked helix content curves coalesce. In the transition
region, the singly cross-linked molecule is less stable than
the doubly cross-linked molecule; this results from the
greater destabilization of the noninteracting states vis a
vis the interacting helical states in doubly as compared to
singly cross-linked molecules. This leads to the situation
where the slope of the helix content vs. w curves is less in
the doubly than in the singly cross-linked case, even though
the doubly cross-linked molecules have in a sense a more
cooperative transition. That is, if the doubly cross-linked
molecule contains an interacting helical stretch, it is es-
sentially fully helical between cross-links, whereas singly
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Figure 9. Plot of the overall helix content of a doubly cross-
linked, coiled coil fox1,, calculated via eq I1-44, vs. w for ¢ = 5 X
107, Ng = 71, N¢, = 48 and N, = 9, 45, and 47 in curves A-C,
respectively. In curve D, we plot the helix content of the singly
cross-linked molecule obtained from eq II-8a ff of ref 18 vs. w
having ¢ = 5 X 10™, Ng = 71, and N = 48, See text for additional
parameters.

cross-linked molecules obey the far less stringent re-
quirement that the interacting helical stretch merely in-
cludes the cross-linked pair of blocks. Identical behavior
is seen on setting o = 1072 therefore we do not display this
case here.

Part of the underlying origin of the validity of the all-
or-none model in the examples discussed so far is the fact
that the cross-links are not located at the chain ends.
Hence, there are a large number of helical conformations
that propagate beyond the cross-linked blocks (where the
helix—coil transition is still continuous). The multiplicity
of helical states acts in concert with the destabilization of
constrained interior random coil states between the
cross-links to produce the observed ratios of Z,n/Zyx1.
Thus, it is of interest to examine a hypothetical coiled coil
whose cross-links are located near the chain ends.

In Figure 10A (10B) we have plotted in curve A fox;.
(Zan/Zyx1) vs. w for a homopolymeric, coiled coil having
Np =38 N¢; =2, Ngy =387, =5 X104, and s = 0.94.
All the other parameters remain unchanged. Observe that
fx 18 0.1618, whereas in the case where Ny = 71, N¢; = 9,
and Ng, = 48, f,, = 0.2041. This is a relative change in
fxx of 20%, whereas f,, has decreased from 0.08546 to
0.07816, a relative change of about 8%. The greater rel-
ative decrease in f,, is a reflection of the decrease in the
number of noninteracting helical stretches that propagate
beyond the cross-links. Furthermore we have also plotted
in curve B of Figure 10A fyx vs. w. Curves A and B differ
throughout the course of the transition. The minimum
value in fon/foxy occurs near w = 1.80, where fan/foxL =
0.8502 and fx;, = 0.3828. Note that the all-or-none model
in the vicinity of the minimum of the fsn/fox1, has a lower
helix content than the full DCIEM, since HCH and CHC
states having a higher helix content than X~X states have
been excluded. In the limit of high helix content, in this
case near w = 2.0, the f4n and fox1, curves cross. Now X~X
states contribute negligibly; we are only interested in in-
teracting helical states. Since H=H states have the highest
helix content, we find that fay = foxr. In addition, in
Figure 10B, Z,n/Zx;. has a minimum near w = 1,95, where
this ratio has the value 0.7381. Here, fox1, = 0.8475, fun.
= 0.9074, fpon = 0.9414, and fy,, = 0.9673. The minimum
in fan/fox1. and Zsn/Zoxy, occurs at different points in the
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Figure 10. (A) Plot of the overall helix content of a doubly
cross-linked, homopolymeric, two-chain, coiled coil calculated in
the doubly cross-linked interior eyelet (all-or-none) model, fox,
(fan) employing eq I1-44 (11-45) vs. w in curve A (B) where N¢,
= 2 and N¢, = 37. In curves C and D, we plot the helix content
of a singly cross-linked chain, f°,, calculated via eq II-8a ff of ref
18, vs. w, having N = 2 and 37, respectively. In all cases Ng =
38and ¢ =5 x 10 (B) Plot of the fraction of doubly cross-linked,
two-chain, coiled coils that satisfy the all-or-none criterion,
Zan/Zox1, V8. w, with Zoyy and Z,y defined in eq I1-42b and 11-43,
respectively. See text for additional parameters.

transition (near w = 1.80 and 1.95, respectively) as the two
quantities reflect different averages. What is remarkable
though is the robustness of the all-or-none model even
here. The transition occurs in approximately the same
place for both the DCIEM and all-or-none models. Bas-
ically, CHC and HCH states have quite a high content
when they contribute appreciably to the overall population;
due to the effect of loop entropy, constrained interior
random coil loops are quite tiny.

Finally, in curves C and D of Figure 10A we have plotted
the helix content of the singly cross-linked chains, /%,
calculated via eq II-8a of ref 18 vs. w with Ny = 38 and
N¢ = 2 and 37, respectively. Comparison with the anal-
ogous transition in the tropomyosin analogue (shown in
curves A, C, and D of Figure 6) reveals that in the present
case, the difference between the helix—coil transition in the
singly and doubly cross-linked molecules is more appre-
ciable. Basically, the X=X states are less stable relative
to the interacting helical states when free chain ends are
clipped off. This is confirmed by the following calculation.
The ratio of the Z,, partition function with Ny = 38, N,
= 2, and Ny = 37 to that when Ny = 71, N¢; = 9, and N,
= 48 is 0.0469, whereas for the noninteracting states in a
singly cross-linked dimer, the ratio of partition function
when Ny = 38 and N = 37 to that when Ny = 71 and N¢
= 48 is 0.188. Thus, these calculations point out the in-
terplay between the continuous and two-state character
of the transition in determining the relative stability of
singly vis-a-vis doubly cross-linked, coiled coils.

Helix probability profiles of doubly cross-linked, coiled
coils display a broad plateau regime between cross-links,
followed by a drop off at the ends. Since for homopolymers
having a site independent w they are uninformative, in the
interest of brevity, none are presented. Furthermore, since
mismatched states between cross-links require the for-
mation of two closed, random coil loops and since these
states make a very small contribution to the total partition
function, just as in singly cross-linked chains,’® we con-



Macromolecules, Vol. 19, No. 4, 1986

jecture that in doubly cross-linked chains, mismatched
associations of interacting helices should be unimportant.

This concludes the application of the theory to homo-
polymeric, doubly cross-linked, coiled coils.

IV. Discussion

In this paper, we have developed a statistical mechanical
theory of the helix—coil transition in doubly cross-linked,
coiled coils and have presented expressions for the calcu-
lation of the partition function, overall helix content, and
helix probability profiles in the context of two models. The
simpler “all-or-none” model asserts that the net effect of
loop entropy is so overwhelming that either the coiled coil
contains a pair of interacting helices between the two
cross-linked pairs of a-helical turns, the “native” state, or
it lacks any interacting helices whatsoever, the “denatured”
state. Observe that beyond the cross-links, the helix—coil
transition is still continuous and in the denatured state
noninteracting helices are allowed. We have also developed
the more general, doubly cross-linked, interior eyelet model
that permits constrained random coil loops containing
interacting helices between cross-linked blocks. On the
basis of the application of the theory to the homopolymeric
analogue, we believe that the helix—coil transition in rabbit
B-tropomyosin should be well approximated by the “all-
or-none” model. This is the major conclusion of this work
and is to the best of our knowledge the first time a two-
state model, albeit in the sense defined above, has emerged
from a continuous statistical mechanical theory of a native
— denatured transition.

The fact that an “all-or-none” model of the helix-coil
transition in doubly cross-linked, coiled coils emerges as
a reasonable approximation to the full physics for the
various homopolymeric systems studied once again points
out the crucial role played by loop entropy in these sys-
tems. In fact, this is the dominant theme that emerges
from the study of coiled coils. In non-cross-linked chains
of moderate length, loop entropy acts to produce a single
interacting helical stretch per molecule (multiple, inter-
acting stretches in coiled coils required constrained random
coil loops, such loops pay a large entropic price). However,
the interacting helical stretch may occur anywhere and
mismatched, out-of-register conformations of the two
chains can occur. Introduction of one cross-link acts to
localize the helical stretch. Now, either the cross-linked
pair of blocks is helical and interacting or there are es-
sentially no interacting pairs of helices in the molecule.
Moreover, mismatched, out-of-register states are excluded.
The presence of a second cross-link further restricts the
available phase space. The dominant species are either
states that are fully helical between the two cross-linked
blocks or states that lack any interacting helices. More-
over, mismatched states can be neglected. The destabi-
lization of the “denatured” form due to constrained ran-
dom coil loops makes the “native” form more stable vis &
vis singly cross-linked chains. Overall then, there seems
to be a strong isomorphism between doubly cross-linked,
coiled coils and globular proteins. If so, it is a reasonable
conjecture that an underlying cause of the all-or-none
transition in globular proteins is also loop entropy; the
introduction of favorable site-specific interactions only
strengthens the case.

In the above, we have assumed that the cross-link leaves
the coiled coil structure intact. In the real coiled coils, this
may not be the case.‘'#? If so, multiple cross-links may
reduce the enhanced stability of doubly, relative to singly,
cross-linked chains. In future work, once experimental
data on singly and doubly cross-linked rabbit 3-tropo-
myosin becomes available, we shall apply the theory to
these two molecules and attempt to assess the importance
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of regiospecific effects.*!™

In order to experimentally check the validity of the
all-or-none model, it is clear from the above that mea-
surement of the helix content alone is in itself inadequate.
What are required at a minimum are calorimetric studies
of doubly cross-linked and singly cross-linked coiled coils
to determine the ratios of the Van’t Hoff to calorimetric
enthalpies for the entire thermal transition.® If the theory
presented here is correct, singly and doubly cross-linked,
coiled coils should behave quite differently. The detailed
analysis of the predictions of the present theory for the
differential heat capacity curves is beyond the scope of the
present work. Finally, ideally, what one needs is a probe
that correlates helix content between two spatially far
apart regions. Unfortunately, such probes are unavailable
at present and are unlikely to emerge in the near future.

In conclusion, we believe that doubly cross-linked, coiled
coils have been shown to possess many of the qualitative
features of globular proteins; they allow us to examine the
relative importance of “short-range” vs. “long-range” in-
teractions in determining the stability of the coiled coil
structure and graphically demonstrate the importance of
topological constraints in determining protein stability.
The present study not only brings multiply cross-linked
coiled coils under the auspices of a statistical mechanical
theory but also points the way to the development of a
statistical mechanical theory of the native — denatured
transition in globular proteins.
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Phase Separation in Ternary Systems Solvent—-Polymer 1-Polymer
2. 1. Cloud Point and Critical Concentration
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Michigan Molecular Institute, Midland, Michigan 48640. Received October 25, 1985

ABSTRACT: A novel approach is proposed for analysis of phase equilibria in Flory-Huggins (FH) ternary
systems solvent—polymer 1-polymer 2. It is based on the separation factors ¢; and g, familiar from the theory
of quasi-binary systems, and on two related variables #° = 0,0, and £% = ¢,/¢,. While 5 is a measure of the
distance of a cloud point from the critical point (CP), £ characterizes the compatibility of the two polymers
and their relative tendency to accumulate in one phase over the other due to molecular interactions. A single
formally temperature-independent cloud-point equation, F(s,,04,¢) = 0, can be formulated; unlike in quasi-binary
systems, however, here it is not self-contained and has to be solved in conjunction with two other equilibrium
equations. Expansion of F around the CP leads to a simple closed expression for the critical concentration
¢, in terms of polymer mixture composition, chain lengths r, and r;, and £2 The formal separation of ¢,
from the triplet of interaction parameters thus achieved simplifies greatly the analysis of ¢.. It is shown that
for a given set of r;’s, the critical binodal direction depends only on the location of the CP in the composition
triangle; this fact invites a simple test of the FH theory. Scott’s segregating systems appear in our general

theory as a special singular case.

1. Introduction

Most of the detailed liquid-liquid phase separation
studies have been done in quasi-binary systems consisting
of a solvent and a polydisperse polymer whose molecules
differ only by their chain length. The chemical homoge-
neity of polymer segments in such solutions translates into
a single parameter characterizing interactions with the
solvent and a relatively simple form of phase equilibrium
equations to be solved. Consequently, the effects of the
molecular weight distribution on phase diagrams of qua-
si-binary solutions are fairly well understood.

The situation is markedly different for systems with a
polymeric solute that is chemically inhomogeneous. Qur
understanding of even the simplest version of such sys-
tems, namely, of ternary systems solvent—polymer 1-
polymer 2, is scant, and it has not seen much progress over
the past 35 years. The only analytical results of which we
are aware concern the approximate relations for the critical
point published by Scott in 1949, valid for a certain class
of ternary systems with segregating polymers.! Numerical
calculation of binodals, the only type of data that can be
legitimately used for discussion of solubility diagrams, is
“notoriously difficult”,? requiring “long and tedious ap-
proximation methods”,! and for this reason usually avoided
by authors at the expense of accuracy of their conclusions.
The solubilities are routinely estimated just from the
position of more easily accessible critical points or spino-
dals®7 and only exceptionally evaluated rigorously from
phase equilibrium equations.® Even in this case, the nu-
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merical methods employed leave something to be desired:
for instance, the “brute force” optimization technique for
the sum of squared chemical potential differences modified
by a penalty function® seems to fail around the critical
point, presumably because of the computer round-off er-
rors that become serious in this region.

The most fruitful approach to analyzing phase equilibria
in Flory-Huggins quasi-binary systems seems to have been
the one based on the separation factor ¢. For instance,
it led to the formulation of a single self-contained equation
for the cloud point,? whose analysis revealed the existence
of and criteria for multiple critical points,!° and clarified
their role in the mechanism of multiphase separations.!!'?
It also simplified numerical solution of cloud points by
avoiding multiple iterations commonly employed by other
authors. We wish to demonstrate that similar benefits are
provided by applying an analogous ¢-based analysis to the
more complex problem of “true” ternary systems whose
polymeric components differ also by the chemical nature
of their monomer units.

In this paper the fundamentals of the new approach are
presented and the conditions for the critical state are
derived. Particular attention is paid to the interpretation
of the expression for the critical concentration (that is
formally separable from the triplet of interaction param-
eters gy, g5, and g,) and to the so-called Scott systems and
their place in the spectrum of all other cases. Other aspects
of ternary equilibria such as the discussion of critical
temperatures, criteria for double and triple critical points,
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